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 ΩϧΑ (1–2    )
αΎϣϣϟ΍ ρϭρΧ ϭ έϳϐΗϟ΍ ΕϻΩόϣ



ΎϨϋΩζϗΎϨΘϧϭ ήϜϔϧ
ϡϳγΟ ΎϬόρϘϳ ϲΗϟ΍ ΔϓΎγϣϟ΍ ϥ΃ ΏέΎΟΗϟ΍ ΕέϬυ΃
νέϷ΍ ΢ργ ϭΣϧ ϥϭϛγϟ΍ ϥϣ ˱΍έΣ ˱ΎρϭϘγ ρϘγ

 ϰρόΗ ΔϗϼόϟΎΑ:d (t) = 4.9 t2

 ΙϳΣd έΗϣϟΎΑ ΔϓΎγϣϟ΍(m)ˬt ϲϧ΍ϭΛϟΎΑ ϥϣίϟ΍
(s)(ϭϳϠϳϟΎΟ ϥϭϧΎϗ. )

΃ ˬ ϊϔΗέϣ ϥϣ ˱΍έΣ ˱ΎρϭϘγ Ύϣ˱ϳγΟ ρϘγ ΍ΫΈϓ ΩόΑ ΩΟϭ
 ρϭϘγϟ΍ ϥϣ ϥϳΗϳϧΎΛ έϭέϣ:

(a)ϥϣίϟ΍ ϲϓ έϳϐΗϟ΍:t2 ʹ t1= 2 ʹ 0 = 2            

(b)ΔϓΎγϣϟ΍ ϲϓ έϳϐΗϟ΍ :d(t2) ʹ d(t1) = 19.6 -0  =19.6       

(c) ΔργϭΗϣϟ΍ Δϋέγϟ΍v:9.8=                            =            =v
Ύγϣϟ΍ ϲϓ έϳϐΗϟ΍Δϓ
ϥϣίϟ΍ ϲϓ έϳϐΗϟ΍

19.6
2  



        ΔϳυΣϠϟ΍ Δϋέγϟ΍ϭ ΔργϭΗϣϟ΍ Δϋέγϟ΍
Average and Instantaneous  Velocity

ϣϭγϘϣ ΔϓΎγϣϟ΍ ΓΩΣϭ ϥϋ ΓέΎΑϋ Δργ˷ϭΗϣϟ΍ Δϋέγϟ΍ ΓΩΣϭ ϥϭϛΗ ϪϳϠϋϭ Δ
έΗϣϭϠϳϛ ϱ΃  ˬ ϥϣίϟ΍ ΓΩΣϭ ϰϠϋ / ΔϋΎγ(Km/h) έΗϣ ϭ΃/ ΔϳϧΎΛ(m/s)  ϭ΃

 Δγ΍έΩϟ΍ Ωϳϗ Δϟ΄γϣϟ΍ ϲϓ ΓΩϭΟϭϣ ϯέΧ΃ Ε΍ΩΣϭ ϱ˷΃.

 ΩΟϭϧ  ΔργϭΗϣϟ΍ Δϋέγϟ΍vγϘΑ ˬ  Ύϣ Δ˷ϳϧϣί ΓέΗϓ ϲϓ ˬ  ϙέ˷ΣΗϣ ϡγΟϟ Δϣ˰
 ΔϓΎγϣϟ΍ ϲϓ έϳϐΗϟ΍ (d ѐ  )  ϥϣίϟ΍ ϲϓ έϳϐΗϟ΍ ϰϠϋ (t ѐ. )



  ϭϠϋ ϥϣ Γέϛ ρϘγΗ50 m     ΔϟΩΎόϣϟ΍ ϖϓϭ ˬd(t) = 4.9t2  ΙϳΣ ˬd ΔϓΎγϣϟ΍
  έΎΗϣϷΎΑ Γέϛϟ΍ ΎϬόρϘΗ ϲΗϟ΍(m)ˬt  ϲϧ΍ϭΛϟΎΑ ϥϣίϟ΍(s)

(a) ΔϳϧΎΛϟ΍ ϥϣ Δϳϧϣίϟ΍ ΓέΗϔϟ΍ ϲϓ ΔργϭΗϣϟ΍ Δϋέγϟ΍ Ύϣϰϟϭϵ΍΍ ΔϳϧΎΛϟ΍ ϰϟ΍ˮ ΔΛϟΎΛϟ
(b)  ΔυΣϠϟ΍ Ωϧϋ Γέϛϟ΍ Δϋέγ ΩΟϭ΃t = 3 

ϲΣϳοϭΗ ϝΎΛϣ

 ϝΣϟ΍:
d(t)= 4.9 t2׶

έϛϟ΍ ΎϬΗόρϗ ϲΗϟ΍ ΔϓΎγϣϟ΍ ˬϰϟϭϷ΍ ΔϳϧΎΛϟ΍ ϲϓ ϲϫ Γ:d1 = d ( 1 ) = 4 . 9 (1)2 = 4 . 9

ϟ΍ ΎϬΗόρϗ ϲΗϟ΍ ΔϓΎγϣϟ΍ˬ ΔΛϟΎΛϟ΍ ΔϳϧΎΛϟ΍ ϲϓϲϫ Γέϛ:d2 = d ( 3 ) = 4 . 9 (3)2 = 44 . 1

ϫ ΔΛϟΎΛϟ΍ϭ ϰϟϭϷ΍ ΔϳϧΎΛϟ΍ ϥϳΑ ΔργϭΗϣϟ΍ Δϋέγϟ΍ ϲ:

 ϲϫ Γέϛϟ΍ ρϭϘγϟ ΔργϭΗϣϟ΍ Δϋέγϟ΍   :19.6  m/s

v   
d2 - d1

t2 - t1

= =
ѐd 

ѐ t

v      
44.1  - 4.9

3   - 1  

39.2

2
= = = 19.6



(b) ΔυΣϠϟ΍ ϥϣ Δϳϧϣίϟ΍ ΓέΗϔϟ΍ ϰϠϋ ϡγΟϠϟ Δργ˷ϭΗϣϟ΍ Δϋέγϟ΍ ΏΎγΣ Ύϧϧϛϣϳt1 = 3 ϰϟ·
  ΔυΣϠϟ΍t2 = 3 + h   ΙϳΣ ˬѐt = h ϥϳΗυΣϠϟ΍ ϥϳΑ ϲϧϣίϟ΍ ϕέΎϔϟ΍ ϭϫ

 Δϳϧϣίϟ΍ ΓέΗϔϟ΍ ϰϠϋ ΔργϭΗϣϟ΍ Δϋέγϟ΍ ϝΛϣΗ3 , 3 + h ] ]  ΎϬΗΩϣ ϲΗϟ΍t = ο
 ΔυΣϠϟ΍ Ωϧϋ ρΑοϟΎΑ Δϋέγϟ΍ ΏΎγΣϟ ΓΩϋΎϘϟ΍ ϙϠΗ ϡ΍ΩΧΗγ΍ ϊϳρΗγϧ ϻϭt = 3  ϱ΃h = 0 

 έϔλ  ϰϠϋ ΔϣγϘϟ΍ ϥϛϣϳ ϻ ϪϧϷ.

ϳ Ύϣϟ ΓΩ˷ϳΟ Γέϛϓ ΫΧ΃ Ύϧϧϛϣϳ Ϫ˷ϧΈϓ ϙϟΫ ϰϠϋϭ ΙΩΣ
 Ωϧϋt = 3 ϲΗϟ΍ Δϐϳλϟ΍ Δϣϳϗ ΏΎγΣΑ ϙϟΫϭ

 ΎϬϳϠϋ ΎϧϠλΣΑ ϝόΟh ΍Ϋ·ϭ ˬ έϔλϟ΍ ϥϣ ΏέΗϘΗ
ϲϓ Ύϣϛ ˱ΎΣο΍ϭ Ύρ˱ϣϧ ΩΟϧ Ύϧ˷ϧΈϓ ϙϟΫ ΎϧϠόϓ ˬ ϝϭΩΟϟ΍

έΗϘΗ Δργ˷ϭΗϣϟ΍ Δϋέγϟ΍ ϥ˷΃ ρϣϧϟ΍ ΍Ϋϫ έϬυϳ ϥϣ Ώ
 ΔϣϳϘϟ΍29.4 m/s ΏέΗϘΗ ΎϣΩϧϋh ˬ έϔλϟ΍ ϥϣ

ϋ ΓέϛϠϟ ΔϳυΣϠϟ΍ Δϋέγϟ΍ ϥ· ϝϭϘϟΎΑ ΢ϣγϳ Ύϣϣ Ωϧ
t = 3 ϱϭΎγΗ29.4  m/s

 ΔργϭΗϣϟ΍ Δϋέγϟ΍
 ϰϠϋΓέΗϔϟ΍

(m/s)

ΓΩϣ ΓέΗϔϟ΍
Δϳϧϣίϟ΍h(s)

ΔϳϧΎΛϟΎΑ
34.31

29.890.1

29.4490.01

29.40490.001

29.400490.0001

ѐ d
ѐ t



ΗϳέΑΟ Ωϛ˷΄ ˱Ύ:

 ργ˷Αϧϭ ΔϟΩΎόϣϟ΍ ϲϓ ργΑϟ΍ ϙϔϧ:

ѐ d
ѐ t 

4.9(3+h)2 ʹ 4.9(3)2

h
=

4.9 (9 + 6h +h2) - 44.1

h
=

29.4 h + 4.9 h2

h
=

h ( 29.4 + 4.9 h )

h
=

= 29.4 +  4.9 h



 ϡϳϘϟh ϱϭΎγΗ Δργ˷ϭΗϣϟ΍ Δϋέγϟ΍ ΍Ω˱Ο Γέϳϐλϟ΍ ΔΑΟϭϣϟ΍29.4 + 4.9h(m/s)

 ϥϭϛΗϭ4.9hέϔλϟ΍ ϥϣ ΔΑϳέϗ ϱ΃ ΍Ω˱Ο Γέϳϐλ.

 ϲϟΎΗϟΎϛ ϙϟΫ ϥϋ έΑόϧϭ:

ѐ d
ѐ t

lim
t     0 ѐ

=

=

( 29.4 + 4.9 h )

29.4

 ϲϫ Δργ˷ϭΗϣϟ΍ Δϋέγϟ΍ ΔϳΎϬϧ ϥ˷· ϝϭϘϧ ΔϟΎΣϟ΍ ϩΫϫ ϲϓϭ29.4  ΏέΗϘΗ ΎϣΩϧϋh

  ΔυΣϠϟ΍ Ωϧϋ ΔϳυΣϠϟ΍ Δϋέγϟ΍ ΎϬϧ· ϝϭϘϧϭ ϪϳϭΎγΗ ϻϭ  έϔλϟ΍ ϥϣt=3

  ΔϳυΣϠϟ΍ Δϋέγϟ΍ ϥϭϛΗ Ϫϧϣϭ29.4  m/s

lim
h       0



λ Δϳϧϣί ΓέΗϓ ϝϼΧ ϡϳϘΗγϣ ρΧ ϲϓ ϙέΣΗϳ ϡϳγΟ ϥ΃ Ύϧοέϓ ϭϟ ˱Ύϣϭϣϋϭ ˱΍ΩΟ Γέϳϐ
 Ύϫέ΍ΩϘϣh

  ΎϣΩϧϋ ϪϧΈϓt = t1 ϊϗϭϣϟ΍ Ωϧϋ ϡϳγΟϟ΍ ϥϭϛϳd(t1) 

 ΎϣΩϧϋϭt = t1 + h   ϭϫ ϊϗϭϣϟ΍ ϥϭϛϳd(t1 + h ) 

 ϥΈϓ ϪϳϠϋϭϟ΍ Δϋέγ ΔργϭΗϣϟ΍ ϥϭϛϳ ΓέΗϔϟ΍ ϙϠΗ ϝϼΧ ϡϳγΟϟ΍:

d ( t1 + h ) ʹ d ( t1 )  

h
=v

  ΔϳυΣϠϟ΍ Δϋέγϟ΍ ϑέόϧ ϥ΍ ϥϛϣϳϭv ϥϣίϟ΍ Ωϧϋt1ϟΎΗϟΎϛϲ:

ΓΩϭΟϭϣ ΔϳΎϬϧϟ΍ ϥϭϛΗ ϥ΃ ρέηΑ   .

lim
h       0

V   = lim
h       0

d ( t1 + h ) ʹ d ( t1 )  

h
v =

 ϰϟ· ϝϭ΅Η ΎϣΩϧϋϭhΔϳυΣϠϟ΍ Δϋέγϟ΍ ϰϠϋ ϝλΣϧ έϔλϟ΍ ϰϟ·



      αΎϣϣϟ΍ ϝϳϣϭ έ˷ϳϐΗϟ΍ ϝΩ˷όϣ ργ˷ϭΗϣAverage Rate of Change and Tangent Slope



 ϩέΩϗ έϳϐΗ ΃έρ ΍ΫΈϓx  ∆ Δϣϳϗ ϰϠϋϝϘΗγϣϟ΍έϳϐΗϣϟ΍x

=  y2 - y1y∆

f(x2)  -f(x1)

x2 - x1
=

ѐ y  

ѐ x

 (=  f ( x2 )- f ( x1

 ϥϭϛϳϭ ϝΩόϣ ργϭΗϣ Δϟ΍ΩϠϟ έϳϐΗϟ΍y:

 ϝϛηϟ΍ ϲϓϭ(1)PQϰϧΣϧϣϠϟ ϊρΎϗ
 ϝϳϣ   ϊρΎϘϟ΍:

ѐ y  

ѐ xPQ)  =m(

      αΎϣϣϟ΍ ϝϳϣϭ έ˷ϳϐΗϟ΍ ϝΩ˷όϣ ργ˷ϭΗϣAverage Rate of Change and Tangent Slope

 ΎϧϳΩϟ ϥΎϛ ΍Ϋ·Δϟ΍Ω:y = f(x)

 ϩέΩϗ έϳϐΗ ϙϟΫ ϊΑΗϳ ϪϧΈϓy  ∆  ϊΑΎΗϟ΍ έϳϐΗϣϟ΍ Δϣϳϗ ϰϠϋy

 ϥϭϛϳϭ:

P

ϊρΎϗ

x2=x1 + ∆xx1

f (x1)

f(x1+∆)

∆x

Q

 ϊρΎϘϟ΍ ϝϳϣϟ ΙΩΣϳ ΍ΫΎϣ ˬ ϥϵ΍ϭ
  ΏέΗϘΗ ΎϣΩϧϋQ  ϥϣPΩ΍έρΎΑˮ

∆y

x

y



P

Q
Q1Q2Q3

Q4

ϊρΎϗ
αΎϣϣ

a + ha

f (a)

f(a+h)

h

h         0

f(
a+

h
) 

–
f(

a)

1  ϰϧΣϧϣϠϟ ϊρΎϘϟ΍ ϝϳϣ ΏΎγΣ Ύϧϧϛϣϳy = f (x)  ϥϳΗρϘϧϟΎΑ έΎϣϟ΍P( a , f (a) ) 

Q ( a + h , f ( a + h ) )  ΙϳΣ ϰϧΣϧϣϟ΍ ϰϠϋ ϥϳΗΩϭΟϭϣϟ΍h = ѐ a      

f ( a + h ) ʹ f  ( a )

h

2ϳϣ ΔϳΎϬϧ Δϣϳϗ ΩΟϧ ϝ
 ϊρΎϘϟ΍ ΕΩΟϭ ϥ·

 ΏέΗϘΗ ΎϣΩϧϋQ ϥϣP

 ϰϧΣϧϣϟ΍ ϰϠϋ
 ϥ΃ ϱ΃

h ϥϣ ΏέΗϘΗϔλϟ΍έ

 ϝϳϣϟ΍ϭϱϭΎγϳ:



3  ΔρϘϧϟ΍ Ωϧϋ ϰϧΣϧϣϠϟ αΎϣϣϟ΍ ϝϳϣ ΩΩ˷ΣϧP( a , f (a) ) ΔϣϳϘϟΎΑm ΩΟϭ ϥ· :

f ( a + h ) ʹ f  ( a )

h
lim
h      0

m =

 Δϟ΍Ωϟ έϳϐΗϟ΍ ϝΩόϣf  ΔρϘϧϟ΍ ΩϧϋP( a , f (a) )ϭϫ ΩΟϭ ϥ·  :

f ( a + h ) ʹ f  ( a 

)h
lim
h      0

 ϭϫ ϰϧΣϧϣϟ΍ ϰϟ· ϲϣΗϧΗ ΔρϘϧ Ωϧϋ ϰϧΣϧϣ ϰϠϋ ϱΩϭϣόϟ΍ ϡϳϘΗγϣϟ΍
 ΔρϘϧϟ΍ ϙϠΗ Ωϧϋ ϰϧΣϧϣϟ΍ αΎϣϣ ϰϠϋ ϱΩϭϣόϟ΍ ϡϳϘΗγϣϟ΍Ύϧϟ΍ ϰϣγϳϭϡυ

( ΕΩΟϭ ϥ΍)



   ϝΎΛϣ( 1 )ΊϓΎϛϣϟ΍ ϊρϘϠϟ αΎϣϣϟ΍ ϝϳϣ ΩΟϭ΃y = x2 ΔρϘϧϟ΍ ΩϧϋP ( 2 , 4 ).

 ϝΣϟ΍  : ΔρϘϧϟ΍ ϥϳΑ ϰϧΣϧϣϠϟ ϊρΎϘϟ΍ ϝϳϣΑ ΃ΩΑϧP ( 2 , 4 ) ΎϬϧϣ ΔΑϳέϗ ΔρϘϧϭ
Q ( 2 + h , ( 2+ h )2 )   ϰϧΣϧϣϟ΍ ϰϠϋ.

ϧϭ ϊρΎϘϟ΍ ϝϳϣ ΏΗϛϧϭ  ΏέΗϘΗ ΎϣΩϧϋ ϝϳϣϠϟ ΔϳΎϬϧϟ΍ ΩΟQ ϥϣP ϰϧΣϧϣϟ΍ ϰϠϋ.

Ωϧϋ ϊρΎϘϟ΍ ϝϳϣ( 2 , 4 ):

(2 + h )2 ʹ 4

h

=

=

=

=
h2 + 4h + 4 ʹ

4  h

h2 + 4h

h

h + 4

ѐ y 

ѐ x 

  ΊϓΎϛϣϟ΍ ϊρϘϠϟ αΎϣϣϟ΍ ϝϳϣy = x2

  Ωϧϋp ( 2 , 4 )  :   ϭϫ4

f(2 + h ) ʹ f(2)

h
=

ѐ y 

ѐ x 

Y = f (x )

1

2

-1-2

1

3

4

2

y

x

( 2 , 4 )



  ΏέΗϘΗ ΎϣΩϧϋ ϊρΎϘϟ΍ ϝϳϣ ΔϳΎϬϧQ  ϥϣP Ω΍έρΎΑ ϲϫ ϰϧΣϧϣϟ΍ ϰϠϋ:

=
ѐ y 

ѐ x 
lim
X 0 ѐ ( h + 4 ) 4

 Ωϧϋ ΊϓΎϛϣϟ΍ ϊρϘϠϟ αΎϣϣϟ΍ ϝϳϣ ϥϭϛϳ ϙϟΫ ϰϠϋP ϱϭΎγϳ
4 

lim
h       0

=



  ϝΣΗ ϥ΃ ϝϭΎΣ( 1 ) 

 ϝΣϟ΍: ΔρϘϧϟ΍ ϥϳΑ ϰϧΣϧϣϠϟ ϊρΎϘϟ΍ ϝϳϣΑ ΃ΩΑϧA ( 1 , 3) ΎϬϧϣ ΔΑϳέϗ ΔρϘϧϭ
B ( 1 + h , ( 1 + h - 2 )2 + 2 )  ϰϠϋ ϰϧΣϧϣϟ΍.

ϧϭ ϊρΎϘϟ΍ ϝϳϣ ΏΗϛϧϭ  ΏέΗϘΗ ΎϣΩϧϋ ϝϳϣϠϟ ΔϳΎϬϧϟ΍ ΩΟB ϥϣA  ϰϠϋ ϰϧΣϧϣϟ΍.

ѐ 
y 

ѐ x 

(1 + h - 2 )2 + 2 ʹ 3

h

=

=

 ΊϓΎϛϣϟ΍ ϊρϘϠϟ αΎϣϣϟ΍ ϝϳϣ ΩΟϭ΃y = ( x ʹ 2 )2 + 2  ΔρϘϧϟ΍ ΩϧϋA ( 1 , 3 ) .

Y = f (x )

Ωϧϋ ϊρΎϘϟ΍ ϝϳϣ( 1 , 3 ) :
f(1 + h ) ʹ f(1)

h

ѐ 
y 

ѐ x 



 Ωϧϋ ΊϓΎϛϣϟ΍ ϊρϘϠϟ αΎϣϣϟ΍ ϝϳϣ ϥϭϛϳ ϙϟΫ ϰϠϋA ϱϭΎγϳ- 2 

= =
ѐ 
y 

ѐ x 

lim
X     0 ѐ lim

h      0 ( h - 2 ) - 2

  ΏέΗϘΗ ΎϣΩϧϋ ϊρΎϘϟ΍ ϝϳϣ ΔϳΎϬϧB  ϥϣA  ϰϧΣϧϣϟ΍ ϰϠϋ ϲϫ:

h - 2

=

=

h2 ʹ 2 h

h

=
h2 ʹ 2h + 1 ʹ 1

h


